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1 Introduction 



The integral quantization of the Hall conductivity on can be understood 
as stemming from topological features underlying the Quantum Hall systems 
P]. The pioneering argument in that direction proposed by Laughlin [2] for 
a system with a cylindrical geometry has been refined in subsequent works 
dealing with non interacting electrons in a periodic potential |3] and further 
extended to take into account disorder and/or electron mutual interaction 
111) 0, M D3- Soon after [2|, it has been observed jH] that the Kubo formula 
from which <jh is obtained can be related to the integral of the first Chern 
class of some Line Vector Bundle. This latter structure shows up because two 
parameters have to be introduced within the quantum mechanical descrip- 
tion of the considered systems. Attempts to explain the observed fractional 
quantization of an have also appeared, combining the above scheme with ad- 
ditional physical plausible assumptions (e.g. the possible degeneracy of the 
ground state, the existence of a gap above it and/or the validity of averaging 
on over the above two parameters) [4-7]. 

The above " Topological Approach to the Quantum Hall Effect" has been 
recognized as providing a possible explanation 2 for the observed robustness 
of the quantization of oh but it is not quite fully satisfactory. It appears that 
this approach does not permit one to really predict the value for on starting 
from basic ingredients pertaining to the quantum mechanical description of 
the systems. This may be due to the fact that the above mentionned Line 
Vector Bundle does not capture (in most cases) a sufficient amount of the 
physical properties shared by the real experiments (e.g. the ("engineering") 
geometry of the experimental devices). Notice that many quantum mechan- 
ical models used so far rely on assumptions made on the geometry of the 
system (e.g. starting from a torus or annular geometry). While these assump- 
tions are convenient from a mathematical viewpoint (since they simplify the 
analyzis and/or permits one to deal rather easily with a suitable choice for 
the boundary conditions), they are not very natural from an experimental 
viewpoint. Ultimately, it would be useful to incorporate into a single frame- 
work (hopefully) all the geometrical and physical constraints characterizing 
the real experiments and control the actual validity of the assumptions. This, 
together with a proper inclusion of disorder, would permit one to describe in 

2 even when disorder is included which however requires the actual validity of some 
additional hypothesis 
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a single formalism integral and fractional quantization (and by the way to 
fully reconcile localization with the topological machinery). 

This talk summarizes some of the results derived in [5] and ^U] in collab- 
oration with Y. Georgelin and T. Masson. The physical system we consider is 
a rectangle coupled to a four-point probe and is similar to the one considered 
in [TT]. It is depicted on figure 1. This is a natural choice regarding the 
actual experimental devices as discussed in particular in [TT], 0. In most of 
the following discussion, the disorder is left aside. In section 2, we outline 
the main features of the formalism introduced in which permits us to 
deal with general boundary conditions for the physical system. Consistency 
of the necessary self-adjointness for the Hamiltonian description with general 
boundary conditions can only be achieved through the introduction of two 
real parameters 3 (that will generate some " extended" Brillouin zone) . In sec- 
tion 3, we point out the occurence of a symmetry for the system which can be 
identified with the irrational rotation algebra of the Non- Commutative Torus 
[T2"j . This symmetry basically connects the physical space to the "extended" 
Brillouin zone, that we call reciprocical space in the following. This symme- 
try is also briefly discussed in the light of the Non- Commutative Torus and 
Area-Preserving Diffeomorphism algebra. In section 4, we review the case 
where ^ is integer. Here N (resp. B) is the number of charge carriers (resp. 
the external magnetic field) and ^ is the relevant control parameter for the 
system. The formalism of section 2 combined with the relevant version of the 
irrational rotation algebra for ^ integer permits one to compute entirely an 
from the Kubo formula which is found to take integer or fractional values. In 
section 5, we discuss the case where ^ is not an integer for which the situ- 
ation becomes far more complicated. When it takes rational values, the Hall 
conductivity can again be computed leading again to integer or fractional 
values. The extension of the analyzis to the case where ^ is irrational does 
not lead to a reliable characterization of the reciprocical space, therefore sig- 
naling the limitation of the present approach. A possible way to circumvent 
this limitation (which could also possibly lead to a proper incorporation of 
the disorder) is discussed in section 6 where promising indications favoring 
the choice of a more algebraic framework are breifly described. 

3 These parameters generalize the so called "boundary condition angles" which appear 
e.g. when dealing with "Periodic or Toroidal boundary conditions". 
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Fig. 1 - The geometry of the system 

2 Hall system on a finite size sample 

We consider the system depicted on figure 1 where N interacting spinless 
particles with mass m are confined on a rectangular sample (that we assume 
in the following to be a square of unit length) submitted to an external 
magnetic field B and whose opposite edges are connected by wires. Units 
are e = h — c — 1. (xj, i/i) (resp. (p x .,p y .)) denote the coordinates (resp. 
momenta) for particle i. 

The electrons located in the planar sample are ruled by Quantum Mechan- 
ics while the currents circulating in the wires (which are connected to macro- 
scopic devices in the experiments) should be regarded as classical quantities. 
General boundary conditions can be obtained by constraining these classical 
quantities. Namely, we assume that the currents circulating in the wires are 
conserved and that the charge located on each edge of the rectangle is equal 
to the one located on the corresponding opposite edge. These conditions will 
be translated into constraints on the densities and currents expressed in the 
Schrodinger representation. In this way, the presence of the wires reflects it- 
self as boundary conditions constraining the Quantum Mechanics describing 
the dynamics of the electron in the sample. 

As recalled in [§], the Hamiltonian for the system, in the absence of ran- 
dom potential, can be conveniently written in term of collective (center of 
mass) variables as 

H = ^((ft + \ NB vf + ( p v - \nBx) 2 ) + H i = H + H i (1) 

where x = jjJ2f=i x h Px = E£iP*o V = |Ef=i!/i, P y = T^iPm and 
Hi depends only on the "internal" variables (xi = Xi — x, p Xi = p Xi — jjP x 
and similar expressions for the ^-counterpart). In (1), the symmetric gauge 
for the external gauge potential has been used. The corresponding Hilbert 
space is then a tensor product Ho <S> Hi where the collective (resp. internal) 
operators act only on Hq (resp. Hi). In the following, we focus the discussion 
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on the H part of the Hamiltonian together with the 7io part of the Hilbert 
space since the observables we are interested in depends only on the center 
of mass variables and the relevant operators act only on Ho- 

To proceed further, one needs to built a representation of the abstract 
operator algebra built from Hq, P x , P y . As we know from general operator 
theory, care must be taken here because we work on a sample with finite 
size so that, in order to obtain a self-adjoint representation of the operators, 
one has to specify carefully the space of functions on which they act. There- 
fore, requiring self-adjointness and using boundary conditions constraints 
expressed as constraints on the edge densities and currents in the Schodinger 
representation, we find the following result [§] : 

NB NB 
P x = -id x + —y-y ; P y = -id y — x (2) 

must act on the linear space of functions verifying 

$(1, y ) = ^+^$(0, y) ; 1) = e i( "-^ x) $(x, 0) (3) 

where 7 and 77 are two real arbitrary parameters which must necessarely be 
introduced in the course of the construction and label inequivalent represen- 
tations for P x and P y jH| modulo 2n. In mathematical words, self-adjointness 
combined with boundary conditions preserving current conservation in the 
wires and edge charge conservation force the representation of the relevant 
operator algebra to be reducible. The space generated by 7 and 77 is called 
the reciprocical space and will be characterized more closely in a while. Note 
that, at this point, 7 and 77 are not constrained. Constraints on these param- 
eters will appear by further assuming specific values for According to 
the above discussion, the Hilbert space TCq is a direct sum (actually a direct 
Hilbertian integral) of each Hilbert space indexed by each pair (7,77) and 
from (3) any general wave function ip(x, y; 7, 77) must satisfy 

^(1, y, 7, v) = e i(7+ ^V(o, y; 7, v) ; 4(x, l; 7, v) = e l( "-^'V(^ 0; 7, v) 

(4). 

The various differences between the present framework and other related 
works are discussed in the section 4 of [H] to which we refer for more details. 
Before going further, some comments are in order. Equation (4) defines ip 
as being a section of a Line Vector Bundle over a Torus in the (x, y)-space 
only when ^ is integer. In this case, the corresponding base space, a (x, y)- 
Torus with periodicity 1, has nothing to do with the physical sample (whose 
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topology is that of a Torus with one puncture). When ^ takes rational 
values, the base space (in the (x, y)-space) of the Line Vector Bundle becomes 
a Rieman surface of higher genus with punctures . 

3 The irrational rotation algebra 

It appears that the system built from Hq and Tio has a symmetry [0], 
10J. It is generated by a family of unitary operators U a> e indexed by two 
parameters a and 9 verifying 

Z4,eV>0, V\ 7, rj) = e-^ NB{(TX+ey) i){x + 6,y-a;j + NBa, rj + NB6) (5) 

Ma 1 ,8 1 Ma2,e 2 — e lNB ( a2dl aX ^Uazfi]A ax fi x (6) 

where (5) holds provided the wave functions admit (monovalued) exten- 
sions on some suitable space related to R 2 , a condition which can be al- 
ways achieved jTU]. Here, we point out that this symmetry connects both 
the (x, y) space and the reciprocical space as it can be realized from (5). It 
appears that this observation proves usefull in the computation of the Hall 
conductivity when ^ takes integer values. Equation (6) is reminiscent of the 
magnetic algebra obeyed by the magnetic translation operators in Landau 
type problems. In fact, when ^ is irrational, (6) is known in the mathemat- 
ical litterature as the "irrational rotation algebra" of the Non-Commutative 
Torus ^21- It appears that it can be related to the abstract algebra defining 
the Non-Commutative Torus. This abstract algebra is defined as an associa- 
tive (non commutative) unital *-algebra with involution f generated by two 
elements Z\ and Z 2 satisfying 

Z X Z 2 = e i2 * e Z 2 Zi , Z\ = Zr\ £=1,2, 6 6 [0, 1] (7), 

(0 is usually called the non commutativity parameter) with smooth comple- 
tion obtained from all elements / of the form 4 

£ \ r £ AirBmim2 ymi fym-z (q\ 

J — 2^ J(mi,m 2 ) e Z l Z 2 [PJ 

where the (Schwartz sequences) /( mj ,m,)' s decrease sufficiently fast for |mj| — > 
00. One observes that (6) reduces to (7) upon setting Z\ = U a $, Z 2 = U^^ 

4 which in some sense generalizes the usual Fourier series expansion 
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and NBaO = 2vr6. Notice that, by denning T (ni>n2) = ^e inin2e / 2 Z^Z^ 2 , one 
obtains from (8) 

i2 

[^^nj), T (mijm2) ] = — sin(6(nim 2 - n 2 m l ))T {ni+rnun2+m2 ) (9). 

This infinite dimensional Lie algebra is the "trigonometric algebra" initially 
advocated in [T3] which, in the limit — > reduces to [TL 1)fl2 ), Tr mi)m2 \] —i2( 
nim 2 — n2mi)T( ni+mijn2+m2 ), that is the algebra of the Area-Preserving 
Difieomorphisms of the Torus. 

4 Computing the Hall conductivity 

When ^= — / ; / integer, that we call the integer case, we find that (4) 
can be extended as 

ip(x + 1, y; 7, rj) = e^+^tpix, y; 7, rj) (10a), 

ip(x, y + 1; 7, 77) = e i(?? -^ x V(:E, y; 7, 77) (106) 

which, for fixed (7, rj), permits us to interpret ip as a section of a Line Vector 
Bundle (LVB) over a torus in the (x, y)-space with periodicity 1. Notice that 
the quantization condition ^ = I simply expresses the fact that the first 
Chern class of this LVB, ^ , is an integer I. Recall that the above torus has 
nothing to do with the physical sample ! It is convenient at this point to per- 
form the following gauge transformation ip(x, y; 7, rj) = e~ l ^ x+r,y,) 'i/j(x, y; 7, rj). 
The relevant symmetry stemming from (5) and (6) is generated by 

Ui/1,0 = U , U 0A/l = V ; VtJ = e^UV (11) 

and the (gauge transformed) wave functions ip can be splitted into I compo- 
nents if) 1, 1=1, which, upon using (10), (11) and (5) in which the U's 
are replaced by their U, V counterparts, must satisfy (q = e % ~) 

Mx, y- 7, 77) = q^e^+^Mx + j , y; 7, rj + 2tt) (12a) 

iP I+1 (x, y- 7, rj) = e^ x+ T^j(x, y - y ; 7 + 2tt, V ) (126) 

and 

Mx, y; 7 + 2nl, V ) = e^'V^x, y; 7, rj) (13a), 
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Mx, y, 1 , V + 2ttZ) = e- l2 ^e-^(x, y; 7, 77) (136). 

The relation (12) expresses the fact that the function ipj (resp. ipi+i) re- 
stricted to the domain rj £ [27m, 27r(n + 1)], 1 < n < I — 1 (resp. 7 £ 
[27rm, 27r(m + 1)], 1 < m < Z — 1) is completely determined by the restriction 
of ipi on 77 £ [0, 27r] (resp. 7 £ [27r(m — 1), 27rm]. More importantly, the rela- 
tion (13), obtained from (10) with the help of (11), permits us to interpret 
each if) 1 as a section of a LVB over a torus in the (7, 77) reciprocical space 
with periodicity 2nl. 

Now we can use the Kubo formula to compute the Hall conductivity <jh- 
By using standard manipulations, an can be expressed as 



N 2 1^ f f Wjdji d&dfa 



i(2iT) 2 I J [oM 2 y [0)1] 2 ^7 drj dr] ^7 

Set now 

o f A A MlWl mdf} 

0.1=1 dxdy(— — — — — ), 1=1,..., I (15). 

J [0,1]' °1 d V dr] £7 

By further making use of (12), one can show [§] that 

1 



1=1 



I d^drjVti = — I d'ydrjQi (16) 

i[0,27r] 2 ' I J[0,2-kI} 2 



where in the RHS of (16), one can easily recognizes jH] the first Chern number 
for the relevant LVB over the Torus in the reciprocical space with periodicity 
2nl, namely Cf = i2ir Jj Q 2 „ 2 d^drjO-i. It appears that this Chern number can 
be computed entirely. The derivation can be found in the appendix B of j5] 
and the result is = i4irl. This, combined with (16) yields 

1 2N 2 

»» = s <— > <«)■ 

Therefore, when 4^ = I, I integer, we find that the Hall conductivity can 
take integer or fractional values. 



5 The non-integer case 

The situation becomes far more complicated when ^— is not an integer 
value. When ^ = l/k, the Hall conductivity cr# can again be explicitely 
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computed [TU], provided some additional assumptions on the initial inter- 
action potential is made. We find that cr# takes again integer or fractional 
values, namely 

1 2(kN) 2 . . 

" = *rW~ < 18) ' 
If the above assumption is relaxed, one has first to extend (4) to some suitable 
domain of the (x, y)-space built from R 2 . We find that this can be done on 
a Riemann surface Sk with genus g = ~(2 + k 2 {k — 1)) with k 2 punctures. 
The proof (given in appendix A of ^Hj) is rather involved and amounts to 
combine surface surgery to the van Kampen theorem. Roughly speaking, Sk is 
obtained by gluing k 3 copies of the physical sample and receives a magnetic 
flux equal to 2nlk 2 , each puncture carrying a magnetic flux equal to 2nl. 
The relation (4) (with the gauge transformed wave functions ip as defined in 
section 4) becomes 

4>(x + k, y- 7 , V ) = e^ 2 ^(x, y- 7, r,) (19a), 

$(x, y + k; 7 , V ) = e^-P^( x , y; 7, rj) (196), 

so that it can be now interpreted a section of a LVB over Sk in the (x, y)- 
space. The rest of the computation of <jh, although very involved, could 
be done in principle by relating the above LVB to its counterpart in the 
reciprocical space through (5) and (6) and using the representations of the 
relevant algebra stemming from (6). When ^ takes irrational values, the 
relevant space on which (4) can be extended is very complicated : it is the 
universal covering space of R 2 /Z 2 ^U] and no conclusion can be obtained 
from the present formalism. 



6 Discussion and outlook 

Provided some reliable identification of the reciprocical space (i.e the Bril- 
louin zone) can be done, integer as well as fractional quantization for an can 
be shown within the present approach. This latter however loses its efficiency 
when no Brillouin zone can be characterized which is the case when ^ is 
irrational or when the disorder is taken into account. We note that plausible 
phenomenological conclusions can be obtained in the presence of (at least 
weak) disorder by supplementing the present analyzis with reasonable phys- 
ical assumptions somehow similar to those initialy proposed in jS]. We will 
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not discuss this point here, refering to ^U] for more details. The conclusions 
we obtain are consistent either with the physics stemming from the global 
phase diagram proposed in [T3j or with the phase diagram that we proposed 
in [HJ. 

The Chern numbers are not the only topological invariants playing a 
salient role in the Topological approach for the Quantum Hall Effect. When 
no Brillouin zone can be identified, it appears that an can also be related to 
another topological invariant jTB] , namely the Fredholm index which is stable 
under (small) deformations and can be viewed as some non- commutative 
version of the Chern number. The introduction of Fredholm index permits 
one to deal with disorder but only integer quantization for oh is recovered. 
So far, a self-contained mathematical framework dealing with interacting 
electrons in the presence of a random potential (in a realistic geometry similar 
to the one depicted on fig.l) and giving rise to integer as well as fractional 
quantization for an is still missing. 

The analyzis presented in JU| involves encouraging indications favor- 
ing a more algebraic approach that could reach this goal and appears to be 
related to the Kasparov K-K Theory \TJ\. To get a flavor of this, one first 
notices that deformations can be better treated within an algebraic frame- 
work. One further notices that LVB can be indeed completely characterized 
by their sections. This stemms basically from the Serre-Swan Theorem aris- 
ing in Bundle Theory which asserts that there is a one-to-one correspondance 
between LVB over some base space and projective modules over the algebra 
of functions describing this base space. Projective modules are classified by 
K-Theory. Now, sections in the (x, |/)-space must be connected to their coun- 
terpart in the reciprocical space through transformations associated with the 
irrational rotation algebra. This amounts to connect K-theory in the (x, y)- 
space to its K-Theory counterpart in the reciprocical space through the above 
transformations which is reminiscent of (Kasparov) K-K Theory. The actual 
implementation of these ideas in Quantum Hall systems as well as in other 
physical situations are presently under study |18j . 
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